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INTRODUCTION
• Inducing general functions from specific

training examples is a main issue of machine 
learning.

• Concept learning - a learning task in which a
human or machine learner is trained to classify
objects by being shown a set of example
objects along with their class labels. The
learner simplifies what has been observed by
condensing it in the form of an example.

• Concept learning - also known as category
learning, concept attainment, and concept
formation.



• Concept Learning: Acquiring the definition of a
general category from given sample of positive
and negative training examples of the category.

A Formal Definition for Concept Learning:

• Inferring a boolean-valued function from training
examples of its input and output.

• Let us try to learn the definition of a concept 
from examples.

INTRODUCTION ….



What is a Concept? - Examples
• An example for concept-learning is the learning of

bird-concept from the given examples of birds
(positive examples) and non-birds (negative
examples).

• The concept of a bird is the subset of all objects (i.e.,
the set of all things or all animals) that belong to the 
category of bird.

• Each concept is a boolean-valued function defined
over this larger set. [Example: a function defined over
all animals whose value is true for birds and false for every
other animal]

Things

Animals

Cars

Birds



What is a Concept? – Examples …..



 Concepts are categories of stimuli that
have certain features in common.

 The shapes on the left are all 
members of a conceptual category: 
RECTANGLE.

 Their common features are (1) 4 
lines; (2) opposite lines parallel; (3) 
lines connected at ends; (4) lines
form 4 right angles.

 But they are different colors and 
sizes and have different orientations
is irrelevant and are not defining
features of the concept

What is a Concept? – Examples …..



 If a stimulus is a member of a specified

conceptual category, it is referred to as 
a “positive instance”.

 If it is not a member, it is referred to as
“negative 
negative 
concept:

instance”. These are all
instances of the rectangle

 As rectangles are defined, a stimulus 
is a negative instance if it lacks any 
one of the specified features.



Every concept has two components:
 Attributes: These are features of a 

stimulus that one must look for to 
decide if that stimulus is a positive
instance of the concept.

 A rule: This a statement that
specifies which attributes must be
present or absent for a stimulus to
qualify as a positive instance of the
concept.

 For rectangles, the attributes would 
be the four features and the rule 
would be that all the attributes must

be present.



 The simplest rules refer to the presence

or absence of a single attribute. For
isexample, a “vertebrate” animal

defined as an animal with a backbone.
Which of these stimuli are
instances?

positive

+

of a concept.

+ +

 This rule is called affirmation. It says

_

that a stimulus must possess a single 
specified attribute to qualify as a



 The opposite or “complement” of
affirmation is negation. To qualify

instance, a stimulusas a positive
must lack a single specified attribute.

+

 An invertebrate animal is one that
lacks a backbone. These are the
positive and negative instances
when the negation rule is applied.

_



A Concept Learning Task – EnjoySport Training
Examples

 A set of example days, and each is described by six 
attributes.

 The task is to learn to predict the value of EnjoySport 
for arbitrary day, based on the values of its attribute 
values -Target concept

Example Sky Temp Humidity Wind Water Forecast EnjoyS 
ports

1 Sunny Warm Normal Strong Warm Same Yes

2 Sunny Warm High Strong Warm Same Yes

3 Rainy Cold High Strong Warm Change No

4 Sunny Warm High Strong Cool Change Yes



 Goal: To infer the “best” concept-description 
from the set of all possible hypotheses.

 Each hypothesis consists of a conjunction of 
constraints on the instance attributes.

 Each hypothesis will be a vector of six
constraints, specifying the values of the six 
attributes

(Sky, AirTemp, Humidity, Wind, Water, and

Forecast)

A Concept Learning Task – Hypothesis
Representation



A Concept Learning Task – Hypothesis
Representation…..

Each attribute will be:

 ? - indicating any value is acceptable for the
attribute (don’t care)

 single value – specifying a single required value
(ex. Warm) (specific)

 0 - indicating no value is acceptable for the 
attribute (no value)

 A hypothesis:

Sky AirTemp Humidity Wind Water Forecast

< Sunny, ?, ?, Strong , ? , Same >



 Most General Hypothesis: Everyday is a good
day for water sports <?, ?, ?, ?, ?, ?> (Positive
example)

 Most Specific Hypothesis: No day is a good day 
for water sports <0, 0, 0, 0, 0, 0> (No day is 
Positive example)

 EnjoySport concept learning task requires 
learning the sets of days for which EnjoySport = 
yes, describing this set by a conjunction of 
constraints over the instance attributes.

A Concept Learning Task – Hypothesis 
Representation…..



EnjoySport Concept Learning Task
Given:

 Instances X: Set of all Possible days, each described by the 
attributes

• Sky (Sunny, Cloudy, and Rainy)
• Temp (Warm and Cold)
• Humidity (Normal and High)
• Wind (Strong and Weak)
• Water (Warm and Cool)
• Forecast (Same and Change)

 Target Concept (Function) c : EnjoySport : X → {0,1}
 Hypotheses H : Each hypothesis is described by a conjunction of

constraints on the attributes.
 Training Examples D : positive and negative examples of the 

target function along with their target concept value c(x).
 Determine : A hypothesis h in H such that h(x) = c(x) for all x in D.
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Members of the concept (instances for which c(x)=1) are
called positive examples.

Nonmembers of the concept (instances for which c(x)=0)
are called negative examples.

H represents the set of all possible hypotheses. H is 
determined by the human designer ’s choice of a 
hypothesis representation.

 The goal of concept-learning is to find a

hypothesis h: X → {0, 1} such that h(x)=c(x) for

all x in D.

 Example of a hypothesis: <?, Cold, High, ?, ?, ?>

If the air temperature is cold and the humidity high then 

it is a good day for water sports.

EnjoySport Concept Learning Task…..



Concept Learning As Search
 Concept Learning can be viewed as the task of

searching through a large space of hypotheses
implicitly defined by the hypothesis representation.

 The goal of this search is to find the hypothesis that
best fits the training examples.

 The hypothesis space has a general-to-specific
ordering of hypotheses, and the search can be
efficiently organized by taking advantage of a
naturally occurring structure over the hypothesis
space.

 By selecting a hypothesis representation, the
designer of the learning algorithm implicitly defines
the space of all hypotheses that the program can
ever represent and therefore can ever learn.



Enjoy Sport - Hypothesis Space
 Sky has 3 possible values, and other 5 attributes 

have 2 possible values.

 There are 96 (= 3.2.2.2.2.2) distinct instances in X.

 There are 5120 (=5.4.4.4.4.4) syntactically distinct 
hypotheses in H.

– Two more values for attributes: ? and 0

 Every hypothesis containing one or more 0 symbols
represents the empty set of instances.

that is, it classifies every instance as negative.
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 There are 973 (= 1 + 4.3.3.3.3.3) semantically 
distinct hypotheses in H.

– Only one more value for attributes: ?, and
one hypothesis representing empty set of
instances.

 Although EnjoySport has small, finite hypothesis 
space, most learning tasks have much larger 
(even infinite) hypothesis spaces.

– We need efficient search algorithms on the
hypothesis spaces.

Enjoy Sport - Hypothesis Space…..



Concept Learning As Search: General-to-
Specific Ordering of Hypotheses

 The hypothesis space has a general-to-specific ordering
of hypotheses, and the search can be efficiently
organized.

Hypothesis representation

define

Hypotheses space

Search

Training

Best fit?

examples



• Definition: Let hj hkand be boolean-valued
functions defined over X. Then hj is more-
general-than-or-equal-to
[(hk(x) = 1) (hj (x)=1)]

hk iff for all x in X,

• Example:

h1 = <Sunny, ?, ?, Strong, ?, ?>
h2 = <Sunny, ?, ?, ?, ?, ?>

Every instance that are classified as positive by h1 will 
also be classified as positive by h2 in our example data 
set. Therefore h2 is more general than h1.

• We also use the ideas of “strictly” -more-general-than,
and more-specific-than [Mitchell].

Concept Learning As Search: General-to-
Specific Ordering of Hypotheses



More General than Relation



 FIND-S Algorithm starts from the most specific hypothesis 
and generalize it by considering only positive examples.

 FIND-S algorithm ignores negative examples.

– As long as the hypotheses space contains a hypothesis 
that describes the true target concept, and the training 
data contains no errors, ignoring negative examples 
does not cause to any problem.

 FIND-S algorithm finds the most specific hypothesis within 
H that is consistent with the positive training examples.

– The final hypothesis will also be consistent with negative 
examples if the correct target concept is in H, and the 
training examples are correct.

Find –S Algorithm : Finding a Maximally
Specific Hypothesis Learning Algorithm



Find –S Algorithm : Finding a Maximally
Specific Hypothesis Learning Algorithm…



1. Initialize h to meet specific hypothesis

h= { ‘ø’ , ‘ø’ , ‘ø’ , ‘ø’ , ‘ø’ , ‘ø’ }

2. For each positive example:

For each attribute in the example:

if attribute value = hypothesis value

do nothing

else

replace hypothesis value with more general constraint ‘?’

3. Output hypothesis h

Find –S Algorithm



Example Sky Temp Humidity Wind Water Forecast EnjoyS 
ports

1 Sunny Warm Normal Strong Warm Same Yes

2 Sunny Warm High Strong Warm Same Yes

3 Rainy Cold High Strong Warm Change No

4 Sunny Warm High Strong Cool Change Yes



Find –S Algorithm: Example



Find –S Algorithm: Example……



Find –S Algorithm: Example



Properties and Shortcomings of Find-S

• Find-S is guaranteed to output the most specific
hypothesis within H that is consistent with the
positive training examples

• Is it a good strategy to prefer the most specific
hypothesis?

• What if the training set is inconsistent (noisy)?

• What if there are several maximally specific
consistent hypotheses? Find-S cannot backtrack!

• 7N/19/e201g8 ative example are     not     considered 30



Version Space and CANDIDATE  
ELIMINATION Algorithm

The key idea in the CANDIDATE-ELIMINATION algorithm is to 
output a description of  the set of all hypotheses consistent with the 
training examples

Representation

• Definition: A hypothesis h is consistent with a set of training 
examples D if and only if
h(x) = c(x) for each example (x, c(x)) in D.

Consistent(h, D)  ( x, c(x)  D) h(x) = c(x))

Note difference between definitions of consistent and satisfies

• an example x is said to satisfy hypothesis h when h(x) = 1, regardless of 
whether x is a positive or  negative example of the target concept.

• an example x is said to consistent with hypothesis h iff h(x) = c(x)



• Definition: A hypothesis h is consistent with a
set of training examples D iff h(x) = c(x) for each
example < x, c(x) > in D.

• Definition: The version space, denoted VSH,D with
respect to hypothesis space H and training
examples D, is the subset of hypotheses from H
consistent with the training examples in D.

VSH,D  {h  H | Consistent(h, D)}

Version Spaces …



1. An explicit list of hypotheses : List-Then-
Eliminate Algorithm

2. A compact representation of hypotheses 
which exploits the more_general_than partial 
ordering: Candidate-Elimination Algorithm

The Idea



List-Then-Eliminate algorithm
Version space as list of hypotheses

1. VersionSpace  a list containing every

hypothesis in H

2. For each training example, x, c(x)

Remove from VersionSpace any hypothesis h

for which h(x)  c(x)

3. Output the list of hypotheses in VersionSpace



Problems
– The hypothesis space must be finite

– Enumeration of all the hypothesis, 
rather inefficient

List-Then-Eliminate algorithm…



Representation for Version Space with General
and Specific Boundary Sets

No7t/1e9:/2T01h8e output of Find-S is just SDur.nMnVyS,udWhamaarnmi , ?, Strong, ?, ? 38



Candidate Elimination Algorithm

•Uses Version space

•Consider both +ve and –ve results

•We have both specific and general

hypothesis

• For a +ve example
•We tend to generalize specific hypothesis

•For a -v example
•We tend to rate general hypothesis more specific



Candidate Elimination Algorithm

Algorithm

1. Intialize G and S as most general

and specific hypothesis

2. For each example d:
if d is +ve:

-> Make specific hypothesis more general

else

-> Make general hypothesis more specific



 For each training example d, do

 If d is a positive example

• Remove from G any hypothesis inconsistent with d

• For each hypothesis s in S that is not consistent with d

– Remove s from S

– Add to S all minimal generalizations h of s such that

o h is consistent with d, and some member of G is

more general than h

– Remove from S any hypothesis that is more general

than another hypothesis in S

Candidate Elimination Algorithm
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 If d is a negative example

• Remove from S any hypothesis inconsistent with d
• For each hypothesis g in G that is not consistent with d

– Remove g from G

– Add to G all minimal specializations h of g such that

o h is consistent with d, and some member of S is 

more specific than h

– Remove from G any hypothesis that is less general

than another hypothesis in G

Candidate Elimination Algorithm …



Initialize G to the set of maximally general hypotheses in H

Initialize S to the set of maximally specific hypotheses in H For

For each training example d, do

• If d is a positive example

• Remove from G any hypothesis inconsistent with d

• For each hypothesis s in S that is not consistent with d

• Remove s from S

• Add to S all minimal generalizations h of s such that

• h is consistent with d, and some member of G is more general than h

• Remove from S any hypothesis that is more general than another hypothesis in S

• If d is a negative example

• Remove from S any hypothesis inconsistent with d

• For each hypothesis g in G that is not consistent with d

• Remove g from G

• Add to G all minimal specializations h of g such that

• h is consistent with d, and some member of S is more specific than h

• Remove from G any hypothesis that is less general than another hypothesis in G



43 7/19/2018

Example: Initially

,, , , . S0 :

?, ?, ?, ?, ?, ?G0

Example Sky Temp Humidity Wind Water Forecast EnjoyS 
ports

1 Sunny Warm Normal Strong Warm Same Yes

2 Sunny Warm High Strong Warm Same Yes

3 Rainy Cold High Strong Warm Change No

4 Sunny Warm High Strong Cool Change Yes



Example:
after seeing Sunny, Warm, Normal, Strong, Warm, Same  +

Sunny, Warm, Normal, Strong, Warm, SameS1:

,, , , . 

44 7/19/2018

S0:

?, ?, ?, ?, ?, ?
G , G10

Example Sky Temp Humidity Wind Water Forecast EnjoyS 
ports

1 Sunny Warm Normal Strong Warm Same Yes

2 Sunny Warm High Strong Warm Same Yes

3 Rainy Cold High Strong Warm Change No

4 Sunny Warm High Strong Cool Change Yes



Example:
after seeing Sunny, Warm, High, Strong, Warm, Same +

Sunny, Warm, Normal, Strong, Warm, SameS1:

?, ?, ?, ?, ?, ?G1, G2

Sunny, Warm, ?, Strong, Warm, SameS2:

45 7/19/2018

Example Sky Temp Humidity Wind Water Forecast EnjoyS 
ports

1 Sunny Warm Normal Strong Warm Same Yes

2 Sunny Warm High Strong Warm Same Yes

3 Rainy Cold High Strong Warm Change No

4 Sunny Warm High Strong Cool Change Yes



Example:
after seeing Rainy, Cold, High, Strong, Warm, Change  

S2, S3:

 ?, ?, ?, ?, ?, ?, ?G2:

Sunny, Warm, ?, Strong, Warm, Same

Sunny, ?, ?, ?, ?, ? ?, Warm, ?, ?, ?, ? ?, ?, ?, ?, ?, SameG3:

46 7/19/2018 Dr. M V Sudhamani

Example Sky Temp Humidity Wind Water Forecast EnjoyS 
ports

1 Sunny Warm Normal Strong Warm Same Yes

2 Sunny Warm High Strong Warm Same Yes

3 Rainy Cold High Strong Warm Change No

4 Sunny Warm High Strong Cool Change Yes



Example:
after seeing Sunny, Warm, High, Strong, Cool Change  +

S3

G3:

Sunny, Warm, ?, Strong, Warm, Same

Sunny, ?, ?, ?, ?, ? ?, Warm, ?, ?, ?, ? ?, ?, ?, ?, ?, Same

G4:

Sunny, Warm, ?, Strong, ?, ?
S4

Sunny, ?, ?, ?, ?, ? ?, Warm, ?, ?, ?, ?

47 7/19/2018



Representation for Version Space with General
and Specific Boundary Sets

No7t/1e9:/2T01h8e output of Find-S is just SDur.nMnVyS,udWhamaarnmi , ?, Strong, ?, ? 38
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Example:
 Given that there are six attributes that could be 

specified to specialize G2, why are there only three new 
hypotheses in G3?

 For example, the hypothesis h = <?, ?, Normal, ?, ?, ?> 
is a minimal specialization of G2 that correctly labels 
the new example as a negative example, but it is not 
included in G3.
– The reason for excluding this hypothesis is that it is

inconsistent with S2.

– The algorithm determines this simply by noting that h is not 

more general than the current specific boundary, S2.



50 7/19/2018

Example:

 The S boundary of the version space forms a
summary of the previously encountered positive
examples that can be used to determine whether any
given hypothesis is consistent with these examples.

 The G boundary summarizes the information from
previously encountered negative examples. Any
hypothesis more specific than G is assured to be
consistent with past negative examples.



Learned Version Space
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Observations
 The learned Version Space correctly describes the 

target concept, provided:

• There are no errors in the training examples

• There is some hypothesis that correctly describes 
the target concept

 If S and G converge to a single hypothesis then
concept is exactly learned

 In case of errors in the training, useful hypothesis are 
discarded, no recovery possible

 An empty version space means no hypothesis in H is 
consistent with training examples
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Ordering on Training Examples
 The learned version space does not change with

different orderings of training examples

 Efficiency does

 Optimal strategy (if you are allowed to choose)

• Generate instances that satisfy half the hypotheses 
in the current version space. For example:

• Sunny, Warm, Normal, Light, Warm, Same
satisfies 3/6 hypothesis

• Ideally the VS can be reduced by half at each 
experiment

• Correct target found in log2|VS| experiments



Use of Partially Learned Concepts

Classified as positive by all hypothesis, since 

satisfies any hypothesis in S

54



Classifying new examples

Classified as negative by all hypothesis, since 

does not satisfy any hypothesis in G



Uncertain classification: half hypothesis are 

consistent, half are not consistent

Classifying new examples…..



Sunny, Cold, Normal, Strong, Warm, Same

4 hypothesis not satisfied, 2 satisfied 

Probably a negative instance.

Classifying new examples…..



Comparison
Algorithm Order Strategy N/P

FIND-S Specific-to-

general

Top-down Positive

LIST-THEN-

ELIMINATE

General-to-

Specific

Bottom-up Negative

CANDIDATE-

ELIMINATION

Bi-directional Bi-directional Both



Concept Learning - Summary
 Concept learning can be seen as a problem of searching
 The general-to-specific partial ordering of hypotheses provides a 

useful structure for organizing the search through the hypothesis 
space.

 The FIND-S algorithm utilizes this general-to-specific ordering, 
performing a specific-to-general search through the hypothesis 
space.

 The CANDIDATE-ELIMINATION algorithm utilizes this general-to-
specific ordering to compute the version space by incrementally 
computing the sets of maximally specific (S) and maximally 
general (G) hypotheses.

 The CANDIDATE-ELIMINATION algorithm is not robust to noisy 
data or to situations in which the unknown target concept is not 
expressible in the provided hypothesis space.



Decision Trees and ID3 Algorithm 



Decision Tree 

A flow-chart-like tree structure
Internal node denotes a test on an attribute
Branch represents an outcome of the test
Leaf nodes represent class labels or class distribution
Constructed in a top down recursive divide and conquer approach



Example:  A Decision Tree for “buys_computer”

age?

student? credit rating?

Youth Senior

no yes yes

yes

middleaged

fairexcellentyesno



Decision Tree Induction: Training Dataset

RID age income student credit_rating buys_computer

1 Youth high no fair no

2 Youth high no excellent no

3 middle agedhigh no fair yes

4 Senior medium no fair yes

5 Senior low yes fair yes

6 Senior low yes excellent no

7 middle agedlow yes excellent yes

8 Youth medium no fair no

9 Youth low yes fair yes

10 Senior medium yes fair yes

11 Youth medium yes excellent yes

12 middle agedmedium no excellent yes

13 middle agedhigh yes fair yes

14 Senior medium no excellent no



Algorithms for Decision tree construction

ID3(Iterative Dichotomiser) by J Ross Quinlay
C4.5 (extension of ID3) by E B Hunt and J Mann
CART (Classification and Regression Trees)



Steps 

Decision tree generation consists of two phases
Tree construction

At start, all the training examples are at the root
Partition examples recursively based on selected attributes

Tree pruning
Identify and remove branches that reflect noise or outliers

Use of decision tree: Classifying an unknown sample
Test the attribute values of the sample against the decision 
tree



Attribute Selection Measures

Information Gain
Gain ratio
Gini index
Selection measures provides a ranking for each attribute 
describing the given training tuples.
The attribute having the best score for the measure is 
chosen as the splitting attribute for the given tuples.



Information Gain 

ID3 algorithm uses information Gain
Invented by C shannon
Based on entropy (information theory)
Let node N hold the tuples of partition D.
the attribute with the highest information gain is chosen 

as the spliting attribute for the node N



Entropy

A formula to calculate the homogeneity of a sample.

A completely homogeneous sample has entropy of 0.

An equally divided sample has entropy of 1.

Entropy(s) = - p+log2 (p+) -p-log2 (p-) for a sample of 

negative and positive elements.
The formula for entropy is: 



Information Gain (IG)
The information gain is based on the decrease in entropy after a 

dataset is split on an attribute.

Which attribute creates the most homogeneous branches?

First the entropy of the total dataset is calculated.

The dataset is then split on the different attributes.

The entropy for each branch is calculated. Then it is added 

proportionally, to get total entropy for the split. 

The resulting entropy is subtracted from the entropy before the split.

The result is the Information Gain, or decrease in entropy.

The attribute that yields the largest IG is chosen for the decision node.



Information Gain (ID3)

 Expected information (entropy) needed to classify a tuple in D:

 Where,  pi be the probability that an arbitrary tuple in D 
belongs to class Ci, i.e., pi =|Ci, D|/|D|

 Information needed (after using A to split D into v partitions) to 
classify D:

 Information gained by branching on attribute A
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Decision Tree Induction: Training Dataset

RID age income student credit_rating buys_computer

1 Youth high no fair no

2 Youth high no excellent no

3 middle agedhigh no fair yes

4 Senior medium no fair yes

5 Senior low yes fair yes

6 Senior low yes excellent no

7 middle agedlow yes excellent yes

8 Youth medium no fair no

9 Youth low yes fair yes

10 Senior medium yes fair yes

11 Youth medium yes excellent yes

12 middle agedmedium no excellent yes

13 middle agedhigh yes fair yes

14 Senior medium no excellent no



Example for finding Information Gain

 Class C1: buys_computer = “yes”   | C1 |=9   

 Class C2 : buys_computer = “no”   | C2 |=5
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 pi =|Ci, D|/|D|

|D|=14, no. of Classes=2, m=2

RID age income student credit_rating buys_computer

1 Youth high no fair no

2 Youth high no excellent no

3 middle agedhigh no fair yes

4 Senior medium no fair yes

5 Senior low yes fair yes

6 Senior low yes excellent no

7 middle agedlow yes excellent yes

8 Youth medium no fair no

9 Youth low yes fair yes

10 Senior medium yes fair yes

11 Youth medium yes excellent yes

12 middle agedmedium no excellent yes

13 middle agedhigh yes fair yes

14 Senior medium no excellent no

age C1 C2

youth 2 3

middle aged4 0

senior 3 2
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Output after age as splitting attribute



Output: A Decision Tree for “buys_computer”

age?

student? credit rating?

Youth Senior

no yes yes

yes

middleaged

fairexcellentyesno



Algorithm for Decision Tree Induction

Tree is constructed in a top-down recursive divide-and-conquer 

manner

At start, all the training examples are at the root

Attributes are categorical (if continuous-valued, they are 

discretized in advance)

Examples are partitioned recursively based on selected 

attributes

Test attributes are selected on the basis of a heuristic or 

statistical measure (e.g., information gain)

Time Complexity of ID3 Algorithm is O(n*|D|*log|D|)



Conditions for stopping partitioning
The recursive partitioning stops only when any of the 
following terminating condition is true

All of the tuples in partition D belong to same class
There are no remaining attributes in which the tuple may be 
further partitioned. In this case, majority voting is employed. 
This involves converting node N into leaf and labeled it with 
the most common class in D.
There are no tuples for a given branch, that is, a partition Dj is 
empty. In this case, a leaf is created with the majorityclass in D



ID3 Algorithm



Computing Information-Gain for Continuous-
Value Attributes

Let attribute A be a continuous-valued attribute

Must determine the best split point for A

Sort the value A in increasing order

Typically, the midpoint between each pair of adjacent values is 

considered as a possible split point

(ai+ai+1)/2 is the midpoint between the values of ai and ai+1

The point with the minimum expected information requirement

for A is selected as the split-point for A

Split:

D1 is the set of tuples in D satisfying A ≤ split-point, and D2 is the 

set of tuples in D satisfying A > split-point



Gain Ratio for Attribute Selection (C4.5)

Information gain measure is biased towards attributes with a large 

number of values

C4.5 (a successor of ID3) uses gain ratio to overcome the problem 

(normalization to information gain)

GainRatio(A) = Gain(A)/SplitInfo(A)

Ex.

gain_ratio(income) = 0.029/0.926 = 0.031

The attribute with the maximum gain ratio is selected as the 

splitting attribute
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Gini index (CART, IBM IntelligentMiner)

If a data set D contains examples from n classes, gini index, gini(D) is defined 

as

where pj is the relative frequency of class j in D

If a data set D is split on A into two subsets D1 and D2, the gini index gini(D) is 

defined as

Reduction in Impurity:

The attribute provides the smallest ginisplit(D) (or the largest reduction in 

impurity) is chosen to split the node (need to enumerate all the possible 

splitting points for each attribute)
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Gini index (CART, IBM IntelligentMiner)

Ex.  D has 9 tuples in buys_computer = “yes” and 5 in “no”

Suppose the attribute income partitions D into 10 in D1: {low, medium} and 4 in 

D2

but gini{medium,high} is 0.30 and thus the best since it is the lowest

All attributes are assumed continuous-valued

May need other tools, e.g., clustering, to get the possible split values

Can be modified for categorical attributes
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Extracting Classification Rules from Trees
Represent the knowledge in the form of IF-THEN rules
One rule is created for each path from the root to a leaf
Each attribute-value pair along a path forms a conjunction
The leaf node holds the class prediction
Rules are easier for humans to understand
Example

IF age = “<=30” AND student = “no”   THEN buys_computer = “no”
IF age = “<=30” AND student = “yes”  THEN buys_computer = “yes”
IF age = “31…40” THEN buys_computer = “yes”
IF age = “>40”   AND credit_rating = “excellent”   THEN buys_computer = “yes”
IF age = “>40” AND credit_rating = “fair”  THEN buys_computer = “no”



Example 2: database: playtennis

Day Outlook Temperature Humidity Wind Play 

Tennis

D1 Sunny Hot High Weak No

D2 Sunny Hot High Strong No

D3 Overcast Hot High Weak Yes

D4 Rain Mild Normal Weak Yes

D5 Rain Cool Normal Weak Yes

D6 Rain Cool Normal Strong No

D7 Overcast Cool High Strong Yes

D8 Sunny Mild Normal Weak No

D9 Sunny Hot Normal Weak Yes

D10 Rain Mild Normal Strong Yes

D11 Sunny Cool Normal Strong Yes

D12 Overcast Mild High Strong Yes

D13 Overcast Hot Normal Weak Yes

D14 Rain Mild High Strong No



Decision Tree For Playing Tennis

Outlook

sunny overcast rainy

Humidity Windy

high normal

no

false true

yes

yes yes no



Variable Quality Measures

_____________________________________

Outlook       Temp     Hum      Wind     Play 

---------------------------------------------------------

Rain          Mild          High        Weak     Yes

Rain          Cool          Normal    Weak     Yes

Rain          Cool          Normal    Strong    No

Rain          Mild          Normal     Weak    Yes

Rain          Mild          High         Strong   No

Outlook

____________________________________

Outlook      Temp     Hum     Wind     Play 

-------------------------------------------------------

Sunny          Hot          High     Weak     No

Sunny          Hot          High     Strong    No

Sunny         Mild         High      Weak     No

Sunny         Cool         Normal  Weak    Yes

Sunny         Mild         Normal  Strong   Yes

_____________________________________

Outlook       Temp     Hum      Wind     Play 

---------------------------------------------------------

Overcast        Hot        High       Weak    Yes

Overcast        Cool      Normal   Strong   Yes

Sunny

Overcast
Rain



Continuous Variables 

Temp. Play

80 No

85 No

83 Yes

75 Yes

68 Yes

65 No

64 Yes

72 No

75 Yes

70 Yes

69 Yes

72 Yes

81 Yes

71 No No85

Yes81

Yes83

Yes75

Yes75

No80

Yes70

No71

No72

Yes72

Yes69

Yes68

No65

Yes64

PlayTemp.

Sort

Temp.< 64.5      I=0.048

Temp.< 84         I=0.113

Temp.< 80.5      I=0.000

Temp.< 77.5      I=0.025

Temp.< 73.5      I=0.001

Temp.< 70.5      I=0.045

Temp.< 66.5      I=0.010



Example 3: Decision Tree

Tid Refund Marital
Status

Taxable
Income Cheat

1 Yes Single 125K No

2 No Married 100K No

3 No Single 70K No

4 Yes Married 120K No

5 No Divorced 95K Yes

6 No Married 60K No

7 Yes Divorced 220K No

8 No Single 85K Yes

9 No Married 75K No

10 No Single 90K Yes
10

MarSt

Refund

TaxInc

YESNO

NO

NO

Yes No

Married
Single, 

Divorced

< 80K > 80K

There could be more than one tree that fits 
the same data!



Decision Tree Classification Task

Apply 

Model

Induction

Deduction

Learn 

Model

Model

Tid Attrib1 Attrib2 Attrib3 Class 

1 Yes Large 125K No 

2 No Medium 100K No 

3 No Small 70K No 

4 Yes Medium 120K No 

5 No Large 95K Yes 

6 No Medium 60K No 

7 Yes Large 220K No 

8 No Small 85K Yes 

9 No Medium 75K No 

10 No Small 90K Yes 
10 

 

Tid Attrib1 Attrib2 Attrib3 Class 

11 No Small 55K ? 

12 Yes Medium 80K ? 

13 Yes Large 110K ? 

14 No Small 95K ? 

15 No Large 67K ? 
10 

 

Test Set

Tree

Induction

algorithm

Training Set

Decision 
Tree



Apply Model to Test Data

Refund

MarSt

TaxInc

YESNO

NO

NO

Yes No

MarriedSingle, Divorced

< 80K > 80K

Refund Marital 
Status 

Taxable 
Income Cheat 

No Married 80K ? 
10 

 

Test Data
Start from the root of tree.



Apply Model to Test Data

Refund

MarSt

TaxInc

YESNO

NO

NO

Yes No

MarriedSingle, Divorced

< 80K > 80K

Refund Marital 
Status 

Taxable 
Income Cheat 

No Married 80K ? 
10 

 

Test Data



Apply Model to Test Data

Refund

MarSt

TaxInc

YESNO

NO

NO

Yes No

MarriedSingle, Divorced

< 80K > 80K

Refund Marital 
Status 

Taxable 
Income Cheat 

No Married 80K ? 
10 

 

Test Data



Apply Model to Test Data

Refund

MarSt

TaxInc

YESNO

NO

NO

Yes No

MarriedSingle, Divorced

< 80K > 80K

Refund Marital 
Status 

Taxable 
Income Cheat 

No Married 80K ? 
10 

 

Test Data



Apply Model to Test Data

Refund

MarSt

TaxInc

YESNO

NO

NO

Yes No

Married Single, Divorced

< 80K > 80K

Refund Marital 
Status 

Taxable 
Income Cheat 

No Married 80K ? 
10 

 

Test Data



Apply Model to Test Data

Refund

MarSt

TaxInc

YESNO

NO

NO

Yes No

Married Single, Divorced

< 80K > 80K

Refund Marital 
Status 

Taxable 
Income Cheat 

No Married 80K ? 
10 

 

Test Data

Assign Cheat to “No”



Decision Tree Classification Task

Apply 

Model

Induction

Deduction

Learn 

Model

Model

Tid Attrib1 Attrib2 Attrib3 Class 

1 Yes Large 125K No 

2 No Medium 100K No 

3 No Small 70K No 

4 Yes Medium 120K No 

5 No Large 95K Yes 

6 No Medium 60K No 

7 Yes Large 220K No 

8 No Small 85K Yes 

9 No Medium 75K No 

10 No Small 90K Yes 
10 

 

Tid Attrib1 Attrib2 Attrib3 Class 

11 No Small 55K ? 

12 Yes Medium 80K ? 

13 Yes Large 110K ? 

14 No Small 95K ? 

15 No Large 67K ? 
10 

 

Test Set

Tree

Induction

algorithm

Training Set

Decision 
Tree



Advantages of using ID3
Understandable prediction rules are created from the 

training data.

Builds the fastest tree.

Builds a short tree.

Only need to test enough attributes until all data is 

classified.

Finding leaf nodes enables test data to be pruned, 

reducing number of tests.

Whole dataset is searched to create tree.



Disadvantages of using ID3
Only one attribute at a time is tested for making a 

decision.

Classifying continuous data may be computationally 

expensive, as many trees must be generated to see where 

to break the continuum. 

Data may be over-fitted or over-classified, if a small 

sample is tested.



Comparing Attribute Selection Measures

The three measures, in general, return good results but

Information gain: 
biased towards multivalued attributes

Gain ratio: 
tends to prefer unbalanced splits in which one partition is much smaller than 

the others

Gini index: 
biased to multivalued attributes

has difficulty when # of classes is large

tends to favor tests that result in equal-sized partitions and purity in both 

partitions



Other Attribute Selection Measures

CHAID: a popular decision tree algorithm, measure based on χ2 test for 

independence

C-SEP: performs better than info. gain and gini index in certain cases

G-statistics: has a close approximation to χ2 distribution 

MDL (Minimal Description Length) principle (i.e., the simplest solution is 

preferred): 

The best tree as the one that requires the fewest # of bits to both (1) 

encode the tree, and (2) encode the exceptions to the tree

Multivariate splits (partition based on multiple variable combinations)

CART: finds multivariate splits based on a linear comb. of attrs.

Which attribute selection measure is the best?

Most give good results, none is significantly superior than others



Overfitting and Tree Pruning

Overfitting:  An induced tree may overfit the training data 

Too many branches, some may reflect anomalies due to noise or outliers

Poor accuracy for unseen samples

Two approaches to avoid overfitting 

Prepruning: Halt tree construction early—do not split a node if this would 

result in the goodness measure falling below a threshold

Difficult to choose an appropriate threshold

Postpruning: Remove branches from a “fully grown” tree—get a sequence 

of progressively pruned trees

Use a set of data different from the training data to decide which is the 

“best pruned tree”



Enhancements to Basic Decision Tree Induction

Allow for continuous-valued attributes

Dynamically define new discrete-valued attributes that 

partition the continuous attribute value into a discrete set of 

intervals

Handle missing attribute values

Assign the most common value of the attribute

Assign probability to each of the possible values

Attribute construction

Create new attributes based on existing ones that are sparsely 

represented

This reduces fragmentation, repetition, and replication



Scalable Decision Tree Induction Methods

SLIQ (EDBT’96 — Mehta et al.)
Builds an index for each attribute and only class list and the 
current attribute list reside in memory

SPRINT (VLDB’96 — J. Shafer et al.)
Constructs an attribute list data structure 

PUBLIC (VLDB’98 — Rastogi & Shim)
Integrates tree splitting and tree pruning: stop growing the tree 
earlier

RainForest (VLDB’98 — Gehrke, Ramakrishnan & Ganti)
Builds an AVC-list (attribute, value, class label)

BOAT (PODS’99 — Gehrke, Ganti, Ramakrishnan & Loh)
Uses bootstrapping to create several small samples



Motivation



Estimating Means of k Gaussians



Estimating Means of k Gaussians



EM for Estimation k Means







EM Algorithm



General EM Problem



General EM Method



Example











Thank you All
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